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ABSTRACT

In this chapter, a general strategy is recommended to solve variety of linear and nonlinear ordinary dif-
ferential equations (ODEs) with boundary value conditions. With the aid of certain fundamental concepts 
of mathematics, Fourier series expansion, and metaheuristic algorithms, ODEs can be represented as 
an optimization problem. The purpose is to reduce the weighted residual error (error function) of the 
ODEs. Boundary values of ODEs are considered as constraints for the optimization model. Inverted 
generational distance metric is utilized for evaluation and assessment of approximate solutions versus 
exact solutions. Four ODEs having different orders and features are approximately solved and compared 
with their exact solutions. The optimization task is carried out using different optimizers including the 
particle swarm optimization and the water cycle algorithm. The optimization results obtained show that 
the proposed method equipped with metaheuristic algorithms can be successfully applied for approximate 
solving of different types of ODEs.

INTRODUCTION

Mathematical formulation of most physical and engineering problems involves differential equations 
(DEs). DEs have applications in all areas of science and engineering. Hence, it is important for engineers 
and scientists to know how to set up DEs and solve them. With regard to real life problems, which are 
highly nonlinear, many problems in engineering often include one or more ordinary DEs (ODEs).
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Analytical approaches are often incompetent in tackling ODEs (except the simple ODEs). There-
fore, approximate analytical methods are applied to obtain solutions of ODEs. A number of analytical 
methods have been used to obtain approximate analytical solutions for engineering problems, such as 
the variational iteration method (Coşkun & Atay, 2008), the homotopy analysis method (Domairry & 
Fazeli, 2009), and differential transformation method (Zhou, 1986).

In particular, many studies have applied approximation methods for solving various types of integro-
differential equations (linear/nonlinear) (Darania & Ebadian, 2007; Darania & Ivaz, 2008; Roul & Meyer, 
2011). However, each of these numerical approximation techniques has its own operational limitations 
that strictly narrow its functioning domain. Hence, it is possible that these approximate techniques fail 
to overcome a specific problem (Torabi et al., 2012; Yaghoobi & Torabi, 2012).

Despite there being a wide range of approximate methods for solving ODEs, there is a lack of a 
general approach that meets all the engineering demands having unconventional and nonlinear ODEs. 
It should be very interesting to solve linear and nonlinear ODEs having arbitrary boundaries values.

Metaheuristic algorithms are usually devised by observing the phenomena occurring in nature. With 
the emergence of metaheuristic algorithms, complex problems having large dimensions may optimally 
solve. Metaheuristic optimization algorithms have demonstrated their efficiency in finding near-optimal 
solutions where exact and analytical approaches may not be able to produce superior solutions within 
reasonable computational time (Glover & Kochenberger, 2003; Yang, 2010).

Up to date, applications that use metaheuristic algorithms for finding estimated solution of ODEs 
have significantly increased. For instance, the genetic algorithms (Mastorakis, 2006), the particle swarm 
optimization (PSO) (Lee, 2006; Babaei, 2013), the genetic programming (Cao et al., 2000). However, 
the strategies applied in these methods are different with each other.

Recently, the concept of Fourier series expansion has been used as a base approximate function for 
finding the approximate solution of ODEs. Hence, the ODEs problem is modeled as an optimization 
problem and solved using the PSO (Babaei, 2013). For simplicity, the weight function considered in 
the literature was set to unit weight function (i.e., constant weigh function equal to one) (Babaei, 2013). 
However, this assumption may not help us in obtaining better results for different types of ODEs. Re-
cently, Sadollah et al. (2015) has shown superiority of a new proposed weight function for several ODEs 
and mechanical problems and compared with the unit weight function.

In this paper, using the concept of Fourier series as the base approximate function, other optimizers, 
including the water cycle algorithm (WCA) (Eskandar et al., 2012) and the PSO (Kennedy & Eberhart, 
1995) are applied for optimization purposes. Furthermore, new weight function called least square weight 
function is applied instead of unit weight function in this chapter. The WCA, recently used metaheuristic 
algorithms, is inspired by observation of water cycle process particularly surface runoff. Both the PSO 
and WCA have been implemented in optimization phase in this chapter.

The reminder of this chapter is given as follows: next section provides necessary information and 
steps of the proposed approximate approach along with its performance metric. Afterwards, the process, 
steps, and strategy of considered optimization methods namely, the PSO and WCA have been described. 
Later, four ODE test problems having different orders and features have been given with their exact and 
approximate solutions by the reported optimizers. Graphical comparisons between exact and estimated 
solutions are given in this section. Then, comparisons of statistical results related to the error function and 
performance metric are provided for both optimizers. Finally, this chapter ends by conclusions section.
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