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If one isolated species (corporation) is supposed to 
evolve following the logistic mapping, then we are 
tempted to think that the dynamics of two species 
(corporations) can be expressed by a coupled system 
of two discrete logistic equations. As three basic rela-
tionships between two species are present in nature, 
namely symbiosis, predator-prey, and competition, 
three different models are obtained. Each model is a 
cubic two-dimensional discrete logistic-type equation 
with its own dynamical properties: stationary regime, 
periodicity, quasi-periodicity, and chaos. We also pro-
pose that these models could be useful for thinking in 
the different interactions happening in the economic 
world, as for instance for the competition and the col-
laboration between corporations. Furthermore, these 
models could be considered as the basic ingredients to 
construct more complex interactions in the ecological 
and economic networks.

INTRODUCTION

Malthus (1798) claimed that human population p
growths faster than food supplies and that then pov-
erty would be the inevitable result of overpopulation. 
He did not envisage the existence of a bound in the 
geometrical population growth given by the linear 
differential equation:

dp kp
dt

,

k being the growth rate. Verhulst (1845) argued that 
such limit is the consequence of the available resources: 
land and food. He established the simplest corrective 

-

portional to the distance of the population size from its 
saturation point. The result is an inhibitory term np2

proportional to the square of the population size:

2dp kp np
dt ,

letting p tend asymptotically to the constant population 
k/n. Verhulst called this equation the logistic function.
Until today, nobody knows the reason for this name 
although an explanation with the military meaning of 
the word “logistic” seems reasonable. We had to wait 
until the next century to see the importance of Verhulst’s 
work. It was the biologist Robert May (1976) who 
stated that the understanding of the discrete logistic 

of non-linear phenomena. In concrete terms, the logistic 
equation is the basis of modern chaos theory, namely the 
paradigm for the period-doubling cascade (Feigenbaum, 
1978) and also the paradigm for a particular type of 

Let us establish the discrete logistic equation, that 
is, the discrete version of Verhulst model, to study the 
evolution of the population of a species (in ecology) or 
corporation (in economics). In the following, we restrict 
ourselves to the ecological interpretation, although all 
this work would be equivalent in the economic world 
where corporations interact as species do in an eco-
system. Let xn represents the population of an isolated 
species after n generations and let us suppose that this 
variable is bounded in the range 0 < xn < 1. The discrete 
logistic evolution is given by the equation,

1 (1 )n n nx x x ,    (1)

where 0 <  < 4 in order to assure 0 < xn < 1. The ac-
tivation or expanding phase is controlled by the term 
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Ln proportional to the current population xn and to the 
constant . Resource limitations bring the 
system to an inhibition or contracting phase directly 
related with overpopulation. The term (1 – xn) can denote 
how far the system is of overcrowding. Therefore, if 
we take the product of both terms as the simplest ap-
proach to the population dynamics, equation (1) results 
to be the equation modelling the rich dynamics of an 

dynamical behaviour that is found when the growth 

1980; Mira, 1987):

1. 0 <  < 1: The growth rate is not big enough to 
stabilize the population. It will drop and the specie 
will become extinct. 

2. 0 <  < 3: A drastic change is obtained when 
is greater than 1. The non vanishing equilibrium 
between the two competing forces, reproduction 
on one hand and resource limitation on the other, 
is now possible. The population reaches, indepen-

is maintained in time. 
3. 3 < < 3.57: A cascade of sudden changes pro-

vokes that the population oscillates in cycles of 
period 2n, where n increases from 1, when  is 

is approaching the 
critical value 3.57. This is named the period-
doubling cascade.

4. 3.57 < < 3.82: When the parameter moves, the 
system alternates between periodical behaviours 
with high periods on parameter interval windows 
and chaotic regimes for parameter values not 
located in intervals. The population can be not
predictable although the system is deterministic. 
The chaotic regimes are observed for a given 
value of  on sub-intervals of [0,1]. 

5. 3.82 < < 3.85: The orbit of period 3 appears 
for = 3.82 after a regime where unpredictable 
bursts, named intermittences, have become rarer 
until their disappearance in the three-periodic time 
signal. The existence of the period 3 orbit means, 
such as the Sarkovskii theorem tells us, that all 
periods are possible for the population dynamics, 
although, in this case, they are not observable due 
to their instability. What is observed in this range 
is the period-doubling cascade 3*2n.

6. 3.85 < < 4: Chaotic behaviour with periodic 
windows is observed in this interval.

7. = 4: The chaotic regime is obtained on the whole 
-

namics, which looks like random. The dynamics 
has lost near-all its determinism and the population 
evolves as a random number generator. 

Therefore, there are essentially three remarkable 
dynamical behaviours in this system: the period 
doubling route to chaos around the value 

by intermittence in the neighbourhood of 

dynamics for = 4. 

BACKGROUND

Let us suppose now, under a similar scheme of ex-
pansion/contraction, that two species (xn, yn) are now 
living together. Each one of them evolves following a 
logistic-type dynamics,

1

1

( ) (1 ),
( ) (1 ).

n x n n n

n y n n n

x y x x
y x y y     (2)

The interaction between species causes the growth 
rate (z) to vary with time, then (z) depends on the 
population size of the others and on a positive constant 
¸ that measures the strength of the mutual interaction. 

The simplest choice for this growth rate can be a linear 
1 2 function expanding at the 

parameter interval where the logistic map shows some 
 (1,4). Thus, we have,

1( ) (3 1),z z

2 ( ) ( 3 4)z z .

1

2 we obtain three different models:

1. The symbiosis between species can be modelled 
by the symmetrical coupling meaning a mutual 

x y 1 (López-Ruiz 

2. The predator-prey interaction is based on the 

x 1  
y 2

2005).
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